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ABSTRACT 
The Finite Element Method for the computation of eddy current fields is presented. The method is 
described for geometries with a one component eddy current field. The use of the method for the calcula-
tion of the impedance of eddy current sensors in the vicinity of defects is shown. An example is given 
of the method applied to a C-magnet type sensor positioned over a crack in a plane conducting material. 
INTRODUCTION 
Eddy current NDE techniques detect defects in 
a conducting material by using a sensor which 
induces currents in the material, and then observ-
ing the changes in the impedance of the sensor in 
the vicinity of the defect. The theoretical analy-
sis of the relation between the defect properties 
and the impedance change requires the solution of 
Maxwell's equations to determine the current fields 
in the material. For most practical problems, the 
geometry is too difficult for closed form analytic 
solutions, and numerical solutions are required. 
The most promising numerical technique for 
computation of eddy current fields is the Finite 
Element Method. This method has long been used in 
stress analysis and heat flow problems (Ref. 1), 
and in recent years has been applied to the compu-
tation of eddy current fields in electrical machines 
(Ref. 2). The method has also been used to investi-
gate a problem in magnetostatic NDE (Ref. 3), but 
has not been applied to eddy current NDE, which is 
a time varying field problem. 
In this paper, the Finite Element Method for 
the computation of eddy current fields is presented. 
The method is described for geometries with one 
component eddy current field, for which the problem 
reduces to the solution of the two-dimensional 
diffusion equation. The use of the method for the 
calculation of the impedance of eddy current sensors 
is explained. An application of the technique to 
the case of a C-magnet type sensor over a crack in 
a plane conducting material is shown. 
Derivation of the Diffusion Equation for One-
Component Vector Potentials 
In eddy current testing, the frequencies are 
usually low enough that the displacement current 
term in Maxwell's equations is negligible. Under 
this assumption, Maxwell's equations become 
vxE 
vxH 
(l) 
{2) 
where E is the electric field intensity, H is the 
magnetic field intensity, B is the magnetic flux 
density, Je is the eddy current density, and Js is 
the source current density. 
The associated constituent relations are 
B 
aE 
(3) 
(4) 
where ~ is the permeability, and a the conductivity 
of the medium. These parameters are assumed 
constant. 
The magnetic vector potential A is defined by 
B = vxA (5) 
Substituting Eqn. (5) into Eqn. (l) and using the 
fact that the electric scalar potential is zero in 
the one component vector potential case 
E = -aA/at (6) 
Combining Eqns. (4) and (6) gives 
J = -a ~ 
e at 
(7} 
which shows that the eddy current and magnetic 
potential vectors are in the same direction. Thus, 
the eddy current will also have only one component. 
Then, substituting Eqns. (3),(5) and (7) into 
Eqn. ( 2) gives 
(1/~) (vxvxA) = -cr (aA/at) + Js (8) 
For the sinusoidal steady state with angular fre-
quency w this becomes 
(1/~)(vxvxA) = -jwcrA + J {9) 
s 
Using the well-known vector identity 
vxvxA = v{v·A) -v 2A 
and the fact that for one component vector potential 
fields 
v·A = 0 
Eqn. (9) becomes 
(1/v) v2 A - jwaA 
-J s ( 10) 
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which is the linear diffusion equation for the 
sinusoidal steady state. The magnetic vector poten-
tial A can then be found by solving Eqn. (10) with 
the appropriate boundary conditions. 
Finite Element Formulation for One Component 
Vector Potentials 
For problems in which A has only a z component 
which varies only in x and y, an approximate solu-
tion to Eqn. (10) can be found by formulating the 
vector potential in variational terms by an energy 
functional, and minimizing the functional with 
respect to a convenient set of t"rial functions. The 
required energy functional is 
~= 1{(1/2ll)!vA! 2+j(wa/2)A 2-J ·A}ds (ll) 
s s 
The minimization of the above functional yields 
the solution to Eqn. (10) with natural boundary con-
ditions, provided that its Euler equation is iden-
tical to Eqn. (10). The Euler equation of a two-
dimensional energy functional is given by (Ref. 5) 
( 12) 
where Ax and Ay are partial derivatives of A along 
the x and y axes, and F is the integrand of :;; . 
Substituting the integrand of ~ in Eqn. (11) for 
F in Eqn. (12) gives 
a ( 1 aA) + a ( 1 aA) _ jwcr A + J = o (13) ax i:i ax ay i:i ay s 
Equation (13) is identical to Eqn. (10) since l/11 
is constant. So minimization of the energy func-
tional g. of Eqn. (11) yields the solution to the 
problem. · 
In finite element analysis, the minimization 
of the functional ~ is carried out with respect 
to a set of functions defined as follows. The two-
dimensional region of interest is divided into tri-
angles, ensuring that the triangle edges coincide 
with the material interfaces and boundaries. The 
permeability and conductivity are assumed to be 
constant in each triangular region. The set of 
functions is constrained to be first order poly-
nomials in each triangle, whose value at any point 
within the triangle is a linear interpolation of 
the vertex values. Thus, 
A(x,y) 2~ L (ai+bix+c.)A. {14) i ' 1 1 
=t,m,n 
where .11., m, n are the vertices of the triangle, ~ 
is the area of the triangle, and a, b, c are geome-
trical constants defined by the relations 
a! xm Yn - Ym xn 
b! Ym - Yn 
cR. xm - xn 
and similarly form and n. 
(15) 
Substituting for A from Eqn. (14) into Eqn. (11) 
nodal potential A1 , A , An to zero for a minimum gives a set of 3 equa~ions in these variables for 
the triangle under consideration. Repeating the 
process for every triangle in the two-dimensional 
region, a set of simultaneous equations in the nodal 
potentials is obtained, which can be expressed in 
matrix notation as 
(S][A] + jw(T](A] = [J] {16) 
where [A] is the column vector of. vertex values of 
A, and [SI and [J] are rectangular matrices whose 
entries are evaluated from the geometrical coordi-
nates of the triangle vertices, and from the tri-
angle permeabilities 11 and conductivities a 
respectively. 
Calculation of Sensor Impedance 
Since eddy current testing depends upon the 
change in impedance of a sensor in. the vicinity of 
a defect, it is necessary to calculate the impedance 
of ~he sensor from the vector potential. 
The resistance R of the coil is computed in 
terms of the average power dissipated P and the 
sensor driving current I from the equation 
( 17) 
The average power dissipated is given by the 
equation 
P = (1/2) fv (1/cr) J·J* dv 
(18) 
2 r * (w /2) Jv a A·A dv 
The second equality is derived by substituting from 
Eqn. (4) for J, and then using Eqn. (7) to eliminate 
E. Substituting Eqn. (18) into Eqn. (17) gives 
R = (w 212) fv cr A·A* dv/II12 (19) 
Similarly, the reactance X can be computed in 
terms of the average magnetic energy Wm stored in 
the volume as 
( 20) 
The average magnetic energy stored is 
W = (1/4) f (1/ll) B·B* dv 
m V 
( 1/4) fv A· J * d v (21) 
The second equality is derived by substituting from 
Eqn. (5) for B, and then using Eqn. (10) to derive 
the result. Substituting Eqn. (21) into Eqn. (20) 
gives for the reactance 
X (22) . 
and setting the derivative with respect to each where L is the inductance of the coil. 
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Scaling of Solutions 
A useful property of vector potential is that 
the field which solves Eqn. (10) is also the solu-
tion for all geometries which differ from the origi-
nal only by a dimensional scale factor 1/k, provided 
the following scalings are made: 
-All fields are dimensionally scaled by 1/k 
-The frequency w is scaled by k2 
-The source current density amplitude is scaled 
by k2 
These scalings will result in the following 
scalings to derived quantities: 
-The magnetic flux density amplitude is scaled by k 
-The sensor resistance is scaled by k and 
inductance by 1/k 
This scaling property is useful because the calcu-
lations for one geometry apply to all dimensionally 
scaled geometries, so a "universal" solution is 
obtained for each geometry. Thus, the results of 
experiments performed in geometries of experimen-
tally convenient size can be scaled to less conven-
ient geometries. 
The proof is o~tlines as follows: let 
A(x,y,z) be a solution to Eqn. (10). Introduce the 
dimensional scaling transformation 
x = kx', y = ky', z = kz' (23) 
For k < 1, the geometry is enlarged by 1/k, and for 
k > 1, the geometry is shrunk by 1/k. Substituting 
the dimens.ional sealing transformation into Eqn. (8) 
multiplying both sides by k2 and defining 
A'(x',y',z')=A(kx',ky',kz') and J~(x',y',i')= 
Js(kx' ,ky' ,kz') gives 
(1/Jl} (vxvxA') + jk 2wcrA' = k2 J' 
s (24) 
Thus, the first assertion is proved, since A' is just a dimensionally scaled version of A. 
Now, note that 
8 , (x, ,y, ,z,) vxA' ( x, ,y, • z' ) 
k[vxA(kx' ,ky' ,kz' )] 
k B(x,y,z). 
(25) 
The driving current density Js is 2caled in 
amplitude by k2 and in area by l/k . so the driving 
current I will remain constant. 
R' = w2 J A'·A'* dv'/III 2 
V' (26) 
k4w2 fv A·A* (l/k 3) dv/III 2 kR 
The new inductance is, from Eqn. (22) 
L' ~ A'·J~* dv'/III 2 (27) 
fv (1/k) L. 
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Exarnp le 
As an example of the use of the FEM analysis 
applied to a specific-problem, consider the test 
configuration shown in Figs. la and lb. This is a 
cross section of a C-magnet position over a slot 
(i.e., simulated crack) in an aluminum block. The 
driving current conductors, magnet, slot, and block 
are infinite in extent both into and out of the page, 
so the theory described above applies to this 
example. 
-
Fig. la. Test configuration showing boundary of 
Finite Element Analysis Region. 
C-MAGNET 
SLOT 
ALUMINUM 
Fig. lb. Detail of test configuration. 
The division ~f the region shown in Fig. la 
into triangles, as required for FEM analysis, is 
shown in Fig. 2a. The blowup of Fig. 2b shows how 
much smaller triangles are used where the field 
variations are expected to be the greatest. 
Fig. 2a. Division of Finite Element Analysis 
region into triangles. 
Fig. 2b. Detail of triangles in vicinity of 
C-magnet. 
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The contours of the magnitude of the magnetic 
vector potential A are shown in Fig. 3 for 1000 Hz. 
The direction of A is always perpendicular to the 
page. It can be shown that these contours are also 
the boundaries of tubes of magnetic flux t, where 
il> = £ B·da 
s (28) 
Each flux tube contains the same amount of flux. 
Fig. 3. Contours of the magnitude of A for 
no slot at 1000 Hz. 
The contours of the real part of the eddy 
current density Je are shown in Fig. 4 for 1000 Hz. 
The maximum of current is at the top surface, with 
the amplitude falling into the material, as expected. 
The closed contours below the surface indicate a 
local minima since the real part is an exponen-
tially decaying cosine, emphasizing that eddy 
currents are a propagation wave phenomenon. 
Figures 5 and 6 are the same as 3 and 4 respectively, 
except the slot has been introduced. These figures 
show that the fields are changed little by the 
presence of the slot, as would be expected for 
currents parallel to the slot. 
For purposes of edqy current testing, the most 
imPortant f~ature of the FEM analysis is the ability 
to compute the impedance at the terminals of the 
sensor for various slot configurations and test 
frequencies. It is customary in the eddy current 
testing literature (Ref. 6) to plot a normalized 
impedance diagram for the particular test configu-
ration, as shown in Fig. 7 for the example described 
here. The sensor resistance and reactance are 
normalized to wl0 , the reactance of the sensor by itself. This graph has the familiar comma shape 
shown in the literature. 
Fig. 4. Contours of the real part of Je for 
no slot at 1000 Hz. 
Fig. 5. Contours of the magnitude of A for a 
.01" x .55" slot at 1000 Hz. 
In actual testing situations, the inspector 
uses an oscilloscope presentation of a small region 
of this diagram about the point on the curve 
corresponding to the operating frequency. He then 
notes the deflection of this point as the sensor 
is moved in the vicinity of a defect. 
Fig. 6. Contours of the real part of Je for a 
.01" x .55" slot at 1000 Hz. 
0 
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Fig. 7. Normalized Impedance Diagram for the 
test configuration of Fig. 1. 
Figures 8 and 9 show the maximum deflection of 
the point for various depths and widths of the slot 
at 60 Hz and 1000 Hz. The figures show that the 
motion is different for changes in slot width and 
depth, which means that information about these 
parameters is contained in the impedance diagram, 
and could be extracted. By using the information 
at different frequencies, it may be possible to 
extract many slot parameters. 
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CONCLUSIONS 
The Finite Element Method for the calculation 
of the impedance of eddy current sensors in the 
vicinity of defects has been shown for one-component 
eddy current fields. The method can be used to 
calculate the impedance changes for changes in 
defect parameters without requiring special geome-
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Element Method to three-dimensional geometries, 
removing the geometrical constraints on the 
impedance calculations. 
125 
4. P. Silvester, "High-order polynomial triangular 
finite elements for potential problems", 
Int. J. Engrg. Science, Vol. 7, pp. 849-861, 
1969. 
5. F.B. Hildebrand, Methods of Applied Mathematics, 
Englewood Cliffs, N.J.: Prentice Hall, 1965. 
6. Metals Handbook, 8th Edition, Vol. 11, 
Nondestructive Inspection and Quality Control, 
American Society for Metals. 
DISCUSSION 
Bruce Thompson {Science Center): What is the restriction on the shape of f.laws that you can handle? 
T.G. Kincaid {General Electric): Providing I can make my triangle small enough, practically none. I'm 
free to make those flaws any size I want as·1on9 as they can be bounded by the sides of triangles. 
Bruce Thompson: H01v small, practically speaking, in terms of the computational analysis? 
T.G. Kincaid: Oh, you're asking me how many triangles I can put in that region, I think. 
B.ruce Thompson: didn't phrase it quite that way, but that's probably about it. 
T,G, Kincaid: Ask Chari to answer that one. 
M.U,K. Chari (Gent?ral Electric): Are you referring to the shape of a flaw? 
Bruce Thompson: Yes. 
M.U.K. Cha.ri: There is absolutely no restriction in two dimensions. 
Ellis L. Foster {Battelle- Columbus): I would lik~ to know the application of the analysis to composites. 
T. G. Kincaid: Please define composites. Everybody has a different word for that. 
Ellis L. Foster: Fibrous composites, for example, with an organic matrix with a conducting fiber. 
T,G,, Kincaid: lt is conducting? 
Ellis L, foster; Yes. 
T.G. Kincaid: I can't tell you the answer to that unless we know the problem. If we have the problem, 
i,e,! the !Jt?Ometry, we can say. "Yes. we can plug it into the computer," and perhaps by trying 
di:fferent frequencies or different sensor configurations, come to some sort of optimization of 
wha.t would be appropriate for the particular problem you're interested in. 
Gerald C. Gardner: Could you distinguish far us, in not too complicated terms, what the distinction is 
between the fine elements which you used to numerically calculate the apparent impedance of the 
test con and the techntque which Professor Deeds I computer program uses? 
T,G, Ktnc(lid; I think you're referring to Professor Deeds' statement about solving boundary value problems. 
Gerald C, Gardner: Yes, I understand he has a program for numerically solving Maxwell's equations, the net 
effect of whi'ch is to produce a numerical answer for the apparent impedance of a test coil. 
W,E, Deeds: This is also called the relaxation method, which is, perhaps, more familiar to some people. 
There is no real limitation except the size of the computer and how much computer time you can afford. 
WiJltam Lord, Chairman (ColoradQ State University): If I could just add one other point. The relaxation 
technique merely models the finite difference representation of the possible different equations, 
l(lhereas' the finite element method is an energy functional approach to the problem. One can 
a.rgue all day about the relative merits of the two approaches. The triangle is more useful in many 
res.pect$ tn modeling the geometries and also there is some hope that one can apply finite development 
methods to nonlinear types of problems where the materials are ferromagnetic. 
\!, E, Deed$: IF I milY a,rgue wtth you~~ 
W11liam Lord, Chairman: As I said, one could argue all day. 
W.E. Deeds: There is a differential equation that you can approximate with a finite difference equation. 
lt is entirely arbitrary whether you use triangles. squares, rectangles, hexagons, or whatever. It 
i~ just whatever you happen to prefer and any differential equation can be solved by this method. It 
is. just a matter of how you set up your finite difference equation. 
William Lord, Chairman: There is some excellent literature on this very topic in the electrical machines 
li:ter~ture. The battle has raged for about a decade and I would refer you, if you are interested, 
to th.e I .E. E. E. transacti.ons on par apparatus systems. It is some very good background material. 
Tha.nk you. 
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